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1. Introduction
The following inequality is well known in the literature as Ostrowski’s integral inequality:
Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b) whose derivative f ′ : (a, b) → R is bounded on
(a, b), i.e., ‖f ′‖∞ = supt∈(a,b) |f ′(t)| <∞. Thenf (x)− 1b− a
∫ b
a
f (t)dt
 ≤

1
4
+

x− a+b2
2
(b− a)2

(b− a)‖f ′‖∞, (1.1)
for all x ∈ [a, b].
Moreover the constant 1/4 is the best possible. Because Ostrowski’s integral inequality is useful in some fields, many
generalizations, extensions and variants of this inequality have appeared in the literature, see e.g. the papers [1–12] and the
references given therein.
In [2], Barnett and Dragomir established the following version of the Ostrowski type inequality for cumulative and prob-
ability density functions.
Let ξ be a random variable with probability density function f : [a, b] → R+ and with cumulative distribution function
F(x) = Pr(ξ ≤ x). If f ∈ L∞[a, b] and ‖f ‖∞ = supt∈(a,b) |f (t)| <∞, then we have the inequality:Pr(ξ ≤ x)− b− Eξb− a
 ≤

1
4
+

x− a+b2
2
(b− a)2

(b− a)‖f ‖∞, (1.2)
for all x ∈ [a, b].
Equivalently,Pr(ξ ≥ x)− Eξ − ab− a
 ≤

1
4
+

x− a+b2
2
(b− a)2

(b− a)‖f ‖∞. (1.3)
The constant 14 in (1.2) and (1.3) is sharp.
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In [5], Dragomir et al., developed the Ostrowski inequality for a random variable whose probability density function
belongs to Lp[a, b] in terms of the cumulative distribution function and expectation. The inequality is given in the following
form:
Let ξ be a random variable with probability density function f : [a, b] → R+ and with cumulative distribution function
F(x) = Pr(ξ ≤ x). If f ∈ Lp[a, b], p > 1, then we have the inequality:Pr(ξ ≤ x)− b− Eξb− a
 ≤ qq+ 1‖f ‖p(b− a) 1q

x− a
b− a
 1+q
q
+

b− x
b− a
 1+q
q

≤ q
q+ 1‖f ‖p(b− a)
1
q , (1.4)
for all x ∈ [a, b], where 1p + 1q = 1.
In this paper, we establish a probabilistic version of the Ostrowski inequality.
2. A probabilistic version of the Ostrowski inequality
Themain result of this paper is the following inequality, which can be thought as a probabilistic version of the Ostrowski
inequality.
Theorem 2.1. Suppose that f : [a, b] → R is continuous on [a, b] and differentiable on (a, b) whose derivative f ′ : (a, b)→ R
is bounded on (a, b), i.e., ‖f ′‖∞ = supt∈(a,b) |f ′(t)| <∞; let ξ be a random variable with cumulative distribution function F(x)
such that Pr(a ≤ ξ ≤ b) = 1 and Eξ exists. Then, one has
|f (x)− Ef (ξ)| ≤ ‖f ′‖∞

x[2F(x)− 1] + E[ξ(1− 2I(−∞,x](ξ))]

(2.1)
for all x ∈ [a, b]. Where a is a real or −∞; b is a real or +∞ and
IA(x) =

1, when x ∈ A,
0, otherwise,
is characteristic function of set A.
Proof. Under the conditions of the theorem, it is easy to see that the Riemann–Stieltjes integral
 +∞
−∞ f (t)dF(t) exists. By
Lagrange mean value theorem, we have
f (x)− Ef (ξ) = f (x)−
∫ +∞
−∞
f (t)dF(t) =
∫ b
a
(f (x)− f (t))dF(t)
=
∫ b
a
f ′(x+ θ(t − x))(x− t)dF(t), a ≤ x ≤ b, (2.2)
where the parameter 0 ≤ θ ≤ 1 is not a constant but depends on x.
Therefore
|f (x)− Ef (ξ)| ≤ ‖f ′‖∞
∫ b
a
|x− t|dF(t) = ‖f ′‖∞
∫ x
a
(x− t)dF(t)+
∫ b
x
(t − x)dF(t)

= ‖f ′‖∞

x
∫ x
a
dF(t)−
∫ x
a
tdF(t)+
∫ b
x
tdF(t)− x
∫ b
x
dF(t)

= ‖f ′‖∞

xF(x)+ Eξ − 2
∫ x
a
tdF(t)− x(1− F(x))

= ‖f ′‖∞

x[2F(x)− 1] + E[ξ(1− 2I(−∞,x](ξ))]

. (2.3)
Thus, we derive the inequality we seek. 
3. Some applications
In this section, we show some applications of the inequality (2.1). In fact, if we give different distribution of ξ in (1.2), we
can derive some Ostrowski type inequalities. First, we can get Ostrowski’s integral inequality.
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Theorem 3.1. Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b)whose derivative f ′ : (a, b)→ R is bounded
on (a, b), i.e., ‖f ′‖∞ = supt∈(a,b) |f ′(t)| <∞. Then one hasf (x)− 1b− a
∫ b
a
f (t)dt
 ≤

1
4
+

x− a+b2
2
(b− a)2

(b− a)‖f ′‖∞ (3.1)
for all x ∈ [a, b].
Proof. Let ξ be a random variable with the following probability density function:
ϕ(x) =

1
b− a , a ≤ x ≤ b,
0, otherwise.
(3.2)
Then, one can have the following cumulative distribution function and expectation of ξ .
F(x) =

1, x > b,
x− a
b− a , a ≤ x ≤ b,
0, x < a.
(3.3)
Eξ = a+ b
2
, Ef (ξ) = 1
b− a
∫ b
a
f (t)dt. (3.4)
Substituting (3.3) and (3.4) into (2.1), one getsf (x)− 1b− a
∫ b
a
f (t)dt
 = |f (x)− Ef (ξ)| ≤ ‖f ′‖∞x[2F(x)− 1] + E[ξ(1− 2I(−∞,x](ξ))]
= ‖f ′‖∞

x
[
2(x− a)
b− a − 1
]
+ b+ a
2
− 2
∫ x
a
t
b− adt

=

1
4
+

x− a+b2
2
(b− a)2

(b− a)‖f ′‖∞. (3.5)
Thus, we complete the proof. 
Then, if ξ has an exponential distribution, one can easily get the following inequality from (2.1).
Theorem 3.2. Let f : [0,+∞) → R be continuous on [0,+∞) and differentiable on (0,+∞) whose derivative f ′ :
(0,+∞)→ R is bounded on (0,+∞), i.e., ‖f ′‖∞ = supt∈(0,+∞) |f ′(t)| <∞. Then for x > 0 and λ > 0, one hasf (x)− λ ∫ +∞
0
f (t)e−λtdt
 ≤ x− 1− 2e−λxλ

‖f ′‖∞, (3.6)
for all x ∈ [0,+∞).
Proof. Let ξ be a random variable with the following probability density function:
ϕ(x) =

λe−λx, x ≥ 0,
0, x < 0. (3.7)
Then, one can have the following cumulative distribution function and expectation of ξ .
F(x) =

1− e−λx, x ≥ 0,
0, x < 0. (3.8)
Eξ = 1
λ
, Ef (ξ) = λ
∫ +∞
0
f (t)e−λtdt. (3.9)
Substituting (3.8) and (3.9) into (2.1), one getsf (x)− λ ∫ +∞
0
f (t)e−λtdt
 = |f (x)− Ef (ξ)|
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≤ ‖f ′‖∞

x[2F(x)− 1] + E[ξ(1− 2I(−∞,x](ξ))]

= ‖f ′‖∞

x[1− e−λx − 1] + 1
λ
− 2λ
∫ x
0
te−λtdt

=

x− 1− 2e
−λx
λ

‖f ′‖∞. (3.10)
We finish the proof. 
Finally, we get the following theorem.
Theorem 3.3. Let f : [−1, 1] → R be continuous on [−1, 1] and differentiable on (−1, 1) whose derivative f ′ : (−1, 1)→ R
is bounded on (−1, 1), i.e., ‖f ′‖∞ = supt∈(−1,1) |f ′(t)| <∞. Then one hasf (x)− 1π
∫ 1
−1
f (t)√
1− t2 dt
 ≤ ‖f ′‖∞π (2x arcsin x+1− x2), (3.11)
for all x ∈ [−1, 1].
Proof. Let ξ be a random variable with the following probability density function:
ϕ(x) =

1
π
√
1− x2 , |x| < 1,
0, otherwise.
(3.12)
Then, one can have the following cumulative distribution function and expectation of ξ .
F(x) =

1, x > b,
arcsin x
π
+ 1
2
, −1 ≤ x ≤ 1,
0, x < −1.
(3.13)
Eξ = 0, Ef (ξ) = 1
π
∫ 1
−1
f (t)√
1− t2 dt. (3.14)
Substituting (3.13) and (3.14) into (2.1), one getsf (x)− 1π
∫ 1
−1
f (t)√
1− t2 dt
 = |f (x)− Ef (ξ)|
≤ ‖f ′‖∞

x[2F(x)− 1] + E[ξ(1− 2I(−∞,x](ξ))]

= ‖f ′‖∞

2x arcsin x
π
− 2
∫ x
−1
t
π
√
1− t2 dt

= ‖f
′‖∞
π
(2x arcsin x+

1− x2). (3.15)
Thus, we complete the proof. 
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